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ON p-ADIC ANALOGUE OF WEIL’S ELLIPTIC
FUNCTIONS ACCORDING TO EISENSTEIN
SU HU AND MIN-SOO KIM
Abstract. In this paper, using p-adic integration with values in spaces
of modular forms, we construct the p-adic analogue ofWeil’s elliptic func-
tions according to Eisenstein in the book “Elliptic functions according
to Eisenstein and and Kronecker”. This construction extends Serre’s p-
adic family of Eisenstein series in “Formes modulaires et fonctions zeˆta
p-adiques”. We show that the power series expansion of Weil’s elliptic
functions also exists in the p-adic case.
1. Introduction
Throughout this paper, we use the following notations.
C − the field of complex numbers.
p − an odd rational prime number.
Zp − the ring of p-adic integers.
Qp − the field of fractions of Zp.
Cp − the completion of a fixed algebraic closure Qp of Q.
vp − the p-adic valuation of Cp normalized so that |p|p = p
−vp(p) = p−1.
SupposeW is a lattice in the complex plane, ω1 and ω2 are two generators
of W , so that W consists of the points w = m1ω1+m2ω2, where m1 and m2
are integers. In his historical book “Elliptic functions according to Eisenstein
and Kronecker” [13], generalizing the Hurwitz zeta functions [13, p. 6], A.
Weil [13, p. 14] introduced the following elliptic function:
(1.1) Ek(x,W ) =
∑
w∈W
1
(x+ w)k
=
∑
(m1,m2)∈Z2
1
(x+m1ω1 +m2ω2)k
for x ∈ R>0, which is also a generalization of the homogeneous Eisenstein
series defined by
(1.2) Gk(W ) =
∑
06=w∈W
1
wk
=
∑
(m1,m2)∈Z2\(0,0)
1
(m1ω1 +m2ω2)k
.
Let τ = ω1
ω2
, then
Gk(τ) = ω
−k
2
∑
(m1,m2)∈Z2\(0,0)
1
(m1
ω1
ω2
+m2)k
= ω−k2
∑
(m1,m2)∈Z2\(0,0)
1
(m1τ +m2)k
.
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For s ∈ C, R(s) > 1, the Riemann zeta function is defined as follows:
(1.3) ζQ(s) =
∞∑
n=1
1
ns
,
for x ∈ R>0 and s ∈ C with R(s) > 1, the Hurwitz zeta function is defined
as follows:
(1.4) ζ(s, x) =
∞∑
n=0
1
(n + x)s
.
Remark 1.1. Comparing (1.1) with (1.4), we may call (1.1) the Hurwitz-
type Eisenstein series.
We have (see [13, p. 20]):
(1.5) Ek(x,W ) =
1
xk
+ (−1)k
∞∑
m=1
(
2m− 1
k − 1
)
e2m(W )x
2m−k,
where
e2m(W ) =
(2πi/ω1)
2m
(2m− 1)!
(
(−1)m
Bm
2m
+ 2
∞∑
N=1
σ2m−1(N)q
N
)
,
and σ2m−1(N) =
∑
d|N d
2m−1.
Now we go to the p-adic situation.
The counterparts of Eisenstein series (1.2) in the p-adic world were de-
fined by Serre in [7, p. 205, Sec.1.6]. Serre defined p-adic modular forms
as p-adic q-expansions which are uniform limits of q-expansions of classi-
cal modular forms. The p-adic Eisenstein series are parametrized by X =
Zp × Z/(p− 1)Z.
Here we introduce some basic notations of p-adic modular form a` la
Serre [7].
First, we recall the definition of classical Eisenstein series.
Let k be an even integer and τ a complex number with strictly posi-
tive imaginary part. Define the Eisenstein series Gk(τ) of weight k, by the
following series:
Gk(τ) =
∑
(m,n)∈Z2\(0,0)
1
(mτ + n)k
.
This series absolutely converges to a holomorphic function of τ in the
upper half-plane and its Fourier expansion given below shows that it extends
to a holomorphic function at τ = i∞. If k ≥ 4 and(
a b
c d
)
∈ SL2(Z),
then
Gk
(
aτ + b
cτ + d
)
= (cτ + d)kGk(τ),
thus Gk(τ) is a modular form of weight k.
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Let q = e2piiτ . Then the Fourier series of the Eisenstein series is
(1.6) Gk(τ) = −
Bk
2k
+
∞∑
n=1
σk−1(n)q
n.
Here, Bk is the kth Bernoulli number and σk−1(n) =
∑
d|n d
k−1.
Now we pass to the p-adic limit. Define, for k ∈ X = Zp × Z/(p − 1)Z
and n ≥ 1: σ∗k−1(n) =
∑
d|n
(p,d)=1
dk−1. (See [7, p. 205]). If k is even, there
exists a sequence of even integers {ki}
∞
i=1 such that |ki| → ∞ and ki → k
when i→∞. Then the sequence Gki = −
Bki
2ki
+
∑∞
n=1 σki−1(n)q
n has a limit:
(1.7) G∗k = a0 +
∞∑
n=1
σ∗k−1(n)q
n
with a0 =
1
2
limi→∞ ζ(1− ki) ≡
1
2
ζ∗(1− k).
The function ζ∗ is thus defined on the odd elements of X \ {1}.
We have the following result on ζ∗.
Theorem 1.2 (see Serre [7, p. 206, Theorem 3]). Let χ be a character
on Zp and let Lp(s, χ) be its the p-adic L-function. If (s, u) 6= 1 is an odd
element of X = Zp × Z/(p− 1)Z, then
ζ∗(s, u) = Lp(s, ω
1−u),
where ω is the Teichmu¨ller character.
For k = (s, u) ∈ X and u is even, the coefficients of G∗k = G
∗
s,u are given
by
(1.8)
a0(G
∗
s,u) =
1
2
ζ∗(1− s, 1− u) =
1
2
Lp(1− s, ω
u),
an(G
∗
s,u) =
∑
d|n
(p,d)=1
d−1ω(d)u〈d〉s
(see [7, p. 245]).
Thus the assignment
(s, u) 7→ G∗s,u
gives a family of p-adic modular forms parametrized by the group of weights
X .
In the p-adic world, the counterpart of the Hurwitz zeta functions (1.4)
was first defined by Washington on Qp \ Zp in his book [12] by using the
power series expansions, that is
Hp(s, a, F ) =
1
s− 1
1
F
〈a〉1−s
∞∑
j=0
(
1− s
j
)
(Bj)
(
F
a
)j
,
where |s|p < Rp = p
(p−2)/(p−1), a and F are integers with 0 < a < F , p | F ,
p ∤ a and Bj is the jth Bernoulli number (see [12, p. 55]).
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Recently, using the p-adic Volkenborn integral [10, 11], Cohen [1, Chapter
11] and Tangedal-Young [9] extended the domain of definition of p-adic
Hurwitz zeta functions to Cp.
First, we recall Tangedal-Young’s [9] definition of p-adic Hurwitz zeta
functions ζp(s, x) for x ∈ Cp \ Zp.
Let UD(Zp) be the space of uniformly (or strictly) differentiable function
on Zp. Then the Volkenborn integral of f is defined by
(1.9)
∫
Zp
f(z)da = lim
N→∞
1
pN
pN−1∑
a=0
f(a)
and this limit always exists when f ∈ UD(Zp) (see [6, p. 264])
The projection function 〈x〉 is defined for all x ∈ C×p , as was done by
Kashio [4] and by Tangedal-Young in [9], for details, see Section 2 below.
We also define ωv(·) on C×p by ωv(x) = x/〈x〉.
Definition 1.3 (see Tangedal and Young [9, p. 1248, (3.2)]). For x ∈ Cp\Zp,
we define the p-adic Hurwitz zeta function ζp(s, x) by the following formula
(1.10) ζp(s, x) =
1
s− 1
∫
Zp
ωv(x+ a)〈x+ a〉
1−sda.
Remark 1.4. Tangedal and Young defined a more general p-adic Hurwitz
zeta functions in the multiple case ([9, p. 1248]).
In his book [1, Chapter 11], Cohen gave a definition of the p-adic Hurwitz
zeta functions ζp(s, x) for x ∈ Zp.
Here we recall his definitions.
Let χ be a Dirichlet character modulo pv for some v. We can extend the
definition of χ to Zp as in [1, p. 281], that is, if an ∈ Z and an is a sequence
tending to a p-adically, we have vp(an − am) ≥ v for n and m sufficiently
large, so χ(an) is an ultimately constant sequence, and we set χ(a) = χ(an)
for vp(a− an) ≥ v. A character χ is called a Dirichlet character on Zp and
χ is even if χ(−1) = 1. In particular, ωu are such characters. ωu is even if
and only if u is even.
Definition 1.5 (see Cohen [1, p. 291, Definition 11.2.12]). Let χ be a
character modulo pv with v ≥ 1. If x ∈ Zp and s ∈ Cp such that |s|p < Rp =
p(p−2)/(p−1) and s 6= 1, we define
(1.11) ζp(s, χ, x) =
1
s− 1
∫
Zp
χ(x+ a)〈x+ a〉1−sda,
and we will simply write ζp(s, x) instead of ζp(s, χ0, x), where χ0 is a trivial
character modulo pv.
Let Lp(s, χ) be the p-adic L-function defined by Iwasawa using the
method of p-adic interpolations. (See [2, p. 29, Theorem 3]). By [1, p. 295,
Proposition 11.2.20 (3)], we have Lp(s, χ) = ζp(s, χ, 0). Thus Cohen’s defini-
tions of p-adic Hurwitz zeta functions extend Iwasawa’s definitions of p-adic
L-functions.
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Let A1 = Zp, A2 = {ω
u | u is even}, B1 = {s ∈ Cp | |s|p < Rp =
p(p−2)/(p−1)}, B2 be the set of even Dirichlet characters on Zp, B3 = Zp,
C1 = Cp and C2 = Cp \ Zp.
In conclusion, the definitions of the p-adic Hurwitz zeta functions have
been extended by the following graph:
(1.12)
ζ∗(s, u), (s, u) ∈ X −→ ζp(s, x), (s, x) ∈ C1 × C2 (Tangedal & Young)
↓
Lp(s, ω
u), (s, ωu) ∈ A1 × A2
↓
Lp(s, χ), (s, χ) ∈ B1 ×B2 (Iwasawa)
↓
ζp(s, χ, x), (s, χ, x) ∈ B1 × B2 × B3 (Cohen).
In this note, using p-adic integration with values in spaces of modular
forms, involving Cohen’s [1, Chapter 11] and Tangedal-Young’s [9] defini-
tions of p-adic Hurwitz zeta functions on Cp, we shall construct the counter-
part of Weil’s elliptic functions (1.1) in the p-adic world. As in the complex
case, this construction generalizes the definition of the p-adic Eisenstein se-
ries. In other words, this construction also extends the parameter space of
p-adic family of Eisenstein series (see Proposition 3.9 below).
The following parts of this paper are organized as follows.
For k = (s, u) ∈ X = Zp ×Z/(p− 1)Z with u even, let G∗s,u = a0(s, u) +∑∞
n=1 an(s, u)q
n be the p-adic family of Eisenstein series, where a0(s, u) =
a0(G
∗
s,u) and an(s, u) = an(G
∗
s,u) for n ≥ 1 (see Eq. (1.8)). In Sections 2 and
3, we will extend the definitions of a0(s, u) and an(s, u), n ≥ 1, respectively.
In the last section, we show that the power series expansion of Weil’s elliptic
functions (1.5) also exists in the p-adic case. (See Theorem 4.4 below).
2. a0(s, u)
Denote by A1 = Zp and A2 = {ωu | u is even}. For (s, u) ∈ A1 × A2,
from Eq. (1.8) in Section 1, we have a0(G
∗
s,u) =
1
2
Lp(1 − s, ω
u), thus the
assignment
(s, u) 7→ a0(G
∗
s,u)
gives a family of p-adic functions parametrized by the group A1 ×A2.
In this section, we extend the parameter space of a0(s, u) = a0(G
∗
s,u) to
the general case.
First, we recall some definitions and results of p-adic Hurwitz zeta func-
tions.
The projection function 〈x〉 is defined for all x ∈ C×p , as was done by
Kashio [4] and by Tangedal-Young in [9].
After fixing an embedding of Q¯ into Cp. Let pQ denote the image in C×p
of the set of positive real rational powers of p under this embedding and
let µ denote the group of roots of unity in C×p of order not divisible by
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p. For x ∈ Cp, |x|p = 1, there exists a unique elements xˆ ∈ µ such that
|x− xˆ|p < 1 (called the Teichmu¨ller representative of x); it may be defined
by xˆ = limn→∞ x
pn! . We extend this definition to x ∈ C×p by
(2.1) xˆ := (x̂/pvp(x)),
that is, we define xˆ = uˆ if x = pru with pr ∈ pQ and |u|p = 1, then we define
the function 〈·〉 on C×p by
〈x〉 = p−vp(x)x/xˆ,
and we also define ωv(·) on C×p by
ωv(x) =
x
〈x〉
.
From this we get an internal product decomposition of multiplicative groups
(2.2) C×p ≃ p
Q × µ×D
where D = {x ∈ Cp : |x− 1|p < 1}, given by
(2.3) x = pvp(x) · xˆ · 〈x〉 7→ (pvp(x), xˆ, 〈x〉).
As remarked by Tangedal and Young in [9], this decomposition of C×p de-
pends on the choice of embedding of Q¯ into Cp; the projections pvp(x), xˆ, 〈x〉
are uniquely determined up to roots of unity. However for x ∈ Q×p the
projections pvp(x), xˆ, 〈x〉 are uniquely determined and do not depend on the
choice of the embedding. Notice that the projections x 7→ pvp(x) and x 7→ xˆ
are constant on discs of the form {x ∈ Cp : |x − y|p < |y|p} and there-
fore have derivative zero whereas the projections x 7→ 〈x〉 has derivative
d
dx
〈x〉 = 〈x〉/x.
For x ∈ C×p and s ∈ Cp we define 〈x〉
s ( [8, p. 141] ) by
(2.4) 〈x〉s =
∞∑
n=0
(
s
n
)
(〈x〉 − 1)n
which converges for (x, s) as noted in Proposition 2.1 below.
We have the following result on the analytic properties of the p-adic
function 〈x〉s.
Proposition 2.1 (see Tangedal and Young [9, p. 1245, Proposition 2.1]).
For any x ∈ C×p the function s 7→ 〈x〉
s is a C∞ function of s on Zp and
is an analytic function of s on the disc |s|p < p
−1/(p−1)|logp〈x〉|
−1
p ; on this
disc it is locally analytic as a function of x and independent of the choice
made to define the 〈·〉 function. If x lies in a finite extension K of Qp whose
ramification index over Qp is less than p− 1, then s 7→ 〈x〉
s is analytic for
|s|p < |π|
−1
p p
−1/(p−1), where (π) is the maximal ideal of the ring of integers
OK of K. If s ∈ Zp, then the function s 7→ 〈x〉s is an analytic function of x
on any disc of the form {x ∈ Cp : |x− y|p < |y|p}.
Using the above result, Tangedal and Young proved the following ana-
lytic properties for ζp(s, x), where the p-adic Hurwitz zeta function ζp(s, x)
was defined by Eq. (1.10).
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Theorem 2.2 (see Tangedal and Young [9, p. 1248, Theorem 3.1]). For any
choice of x ∈ Cp\Zp the function ζp(s, x) is a C∞ function of s on Zp\{1},
and is an analytic function of s on the disc |s|p < p
−1/(p−1)|logp〈x〉|
−1
p ; on
this disc it is locally analytic as a function of x and independent of the choice
made to define the 〈·〉 function. If x is so chosen to lie in a finite extension
K of Qp whose ramification index over Qp is less than p − 1, then ζp(s, x)
is analytic for |s|p < |π|
−1
p p
−1/(p−1), except for a simple pole at s = 1. If
s ∈ Zp\{1}, then the function ζp(s, x) is locally analytic as a function of x
on Cp\Zp.
Recall C1 = Cp and C2 = Cp \ Zp as in Section 1. For (s, x) ∈ C1 × C2,
if we set
(2.5) a0(s, x) =
1
2
ζp(1− s, x),
then from the above theorem we have the following properties for a0(s, x).
Corollary 2.3. For any choice of x ∈ Cp\Zp the function a0(s, x) is a
C∞ function of s on Zp\{0}, and is an analytic function of s on the disc
|s−1|p < p
−1/(p−1)|logp〈x〉|
−1
p ; on this disc it is locally analytic as a function
of x and independent of the choice made to define the 〈·〉 function. If x is
so chosen to lie in a finite extension K of Qp whose ramification index over
Qp is less than p− 1, then a0(s, x) is analytic for |s− 1|p < |π|−1p p
−1/(p−1),
except for a simple pole at s = 0. If s ∈ Zp\{0}, then a0(s, x) is locally
analytic as a function of x on Cp\Zp.
Recall B1 = {s ∈ Cp | |s|p < Rp = p(p−2)/(p−1)}, B2 the set of even
Dirichlet characters on Zp and B3 = Zp as in Section 1. For (s, χ, x) ∈
B1 × B2 × B3, we can extend the definition of p-adic functions a0(s, χ) to
three variables by setting
(2.6) a0(s, χ, x) =
1
2
ζp(1− s, χ, x),
where the p-adic Hurwitz zeta function ζp(s, χ, x) was defined by Eq. (1.11).
The following result indicates that the above definition is indeed an ex-
tension of the original definition set by Serre.
Proposition 2.4. Let A1 = Zp and A2 = {ωu | u is even}. For (s, u) ∈
X = A1 ×A2, we have a0(s, ω
u, 0) = a0(G
∗
s,u).
Proof. By Eq. (2.6), [1, Proposition 11.2.20 (3)], Eq. (1.8), we have
(2.7)
a0(s, ω
u, 0) =
1
2
ζp(1− s, ω
u, 0)
=
1
2
Lp(1− s, ω
u)
= a0(G
∗
s,u).

In conclusion, we have extended the parameter space of a0(s, u) by the
following graph (compare with Graph (1.12) above):
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(2.8)
a0(s, u), (s, u) ∈ X −→ a0(s, x), (s, x) ∈ C1 × C2
↓
a0(s, ω
u), (s, ωu) ∈ A1 × A2
↓
a0(s, χ), (s, χ) ∈ B1 ×B2
↓
a0(s, χ, x), (s, χ, x) ∈ B1 ×B2 × B3
3. an(s, u)
Throughout this section, we assume that n ≥ 1.
Let U be any open subset of Zp. The p-adic δ-measure is defined as
follows:
(3.1) δd(U) =
{
1, if d ∈ U
0, if d 6∈ U.
Let µn =
∑
d|n
(p,d)=1
d−1δd.
Following Panchishkin [5, p. 2361], we have the following p-adic integra-
tion representation of an(s, u).
(3.2)
an(s, u) =
∑
d|n
(p,d)=1
d−1ω(d)u〈d〉s
=
∑
d|n
(p,d)=1
d−1
∫
Zp
ω(a)u〈a〉sdδd(a)
=
∫
Zp
ω(a)u〈a〉sdµn
(also see Katz’s discussions on this measure [3, p. 496]).
In this section, by using p-adic integral representation of an(s, u) (see
Eq. (3.2)), we extend the parameter space of an(s, u) as in Graph (2.8).
Definition 3.1. For x ∈ Cp\Zp, we define the an(s, x) by the following
formula
(3.3)
an(s, x) =
∫
Zp
ωv(x+ a)〈x+ a〉
sdµn(a)
=
∫
Zp
(x+ a)〈x+ a〉s−1dµn(a).
By Proposition 2.1, we have the following result.
Theorem 3.2. For any choice of x ∈ Cp\Zp the function an(s, x) is a C∞
function of s on Zp, and is an analytic function of s on the disc |s− 1|p <
p−1/(p−1)|logp〈x〉|
−1
p ; on this disc it is locally analytic as a function of x and
independent of the choice made to define the 〈·〉 function. If x is so chosen
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to lie in a finite extension K of Qp whose ramification index over Qp is less
than p− 1, then an(s, x) is analytic for |s− 1|p < |π|
−1
p p
−1/(p−1). If s ∈ Zp,
then the function an(s, x) is locally analytic as a function of x on Cp\Zp.
Proposition 3.3. For any area of (s, x) ∈ C1 × C2 indicated in the above
Theorem which an(s, x) is continuous, we have
an(s, x) =
∑
d|n
(p,d)=1
d−1ωv(x+ d)〈x+ d〉
s.
Proof. Let d be a positive integer such that d | n and (d, p) = 1. For any
area indicated in the above Theorem, by Proposition 2.1, the functions ωv(x)
and 〈x〉s are continuous, and by Theorem 3.2, the function an(s, x) is also
continuous, thus from the definition of continuous functions, for any ǫ > 0,
there exists a neighborhood Ud of d, such that
|ωv(a)〈a〉
s − ωv(d)〈d〉
s| < ǫ,
for any a ∈ Ud, that is,
|ωv(a)〈a〉
sδd(a)− ωv(d)〈d〉
s| < ǫ,
for any a ∈ Ud.
This means ∫
Zp
ωv(a)〈a〉
sdδd(a) = ωv(d)〈d〉
s,
and ∫
Zp
ωv(a)〈a〉
sdµn(a) =
∑
d|n
(p,d)=1
d−1ωv(d)〈d〉
s.
By Eq. (3.3), we have our result. 
Definition 3.4. Let χ be a character modulo pv with v ≥ 1. If x ∈ Zp and
s ∈ Cp such that |s|p < Rp = p(p−2)/(p−1), then we define
an(s, χ, x) =
∫
Zp
χ(x+ a)〈x+ a〉sdµn(a).
Since χ(x) is a continuous function on Zp and the function 〈x〉s is con-
tinuous on Zp for |s|p < Rp = p(p−2)/(p−1), following the same reasoning as
in Proposition 3.3, we have the following result.
Proposition 3.5. For (s, χ, x) ∈ B1 × B2 ×B3, we have
an(s, χ, x) =
∑
d|n
(p,d)=1
d−1χ(x+ d)〈x+ d〉s.
Proposition 3.6. Let A1 = Zp and A2 = {ωu | u is even}. For (s, u) ∈
X = A1 ×A2, we have an(s, ω
u, 0) = an(G
∗
s,u).
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Proof. By Proposition 3.5, Eq. (1.8), we have
(3.4)
an(s, ω
u, 0) =
∑
d|n
(p,d)=1
d−1ω(d)u〈d〉s
= an(G
∗
s,u).

In conclusion, we have extended the parameter space of an(s, u) by the
following graph (compare with Graph (2.8) above):
(3.5)
an(s, u), (s, u) ∈ X −→ an(s, x), (s, x) ∈ C1 × C2
↓
an(s, ω
u), (s, ωu) ∈ A1 × A2
↓
an(s, χ), (s, χ) ∈ B1 ×B2
↓
an(s, χ, x), (s, χ, x) ∈ B1 ×B2 × B3
Notice that for (s, u) ∈ X = Zp×Z/(p−1)Z with u even, G∗s,u is Serre’s
p-adic family of Eisenstein series
G∗s,u = a0(s, u) +
∞∑
n=1
an(s, u)q
n.
Thus we can extend the parameter space of G∗s,u as Graph (2.8) by extending
the Fourier coefficients an(s, u), n ≥ 0.
Definition 3.7. For any area of (s, x) ∈ C1×C2 indicated in Theorem 3.2
above, we define
G∗(s, x) = a0(s, x) +
∞∑
n=1
an(s, x)q
n,
where a0(s, x) and an(s, x), n ≥ 1, are defined in Eq. (2.5) and Definition
3.1, respectively.
Definition 3.8. For (s, χ, x) ∈ B1 × B2 ×B3, we define
G∗(s, χ, x) = a0(s, χ, x) +
∞∑
n=1
an(s, χ, x)q
n,
where a0(s, χ, x) and an(s, χ, x), n ≥ 1, are defined in Eq. (2.6) and Defini-
tion 3.4, respectively.
From Propositions 2.4 and 3.6 above, we have the following result.
Proposition 3.9. Let A1 = Zp and A2 = {ωu | u is even}. For (s, u) ∈
X = A1 × A2, we have G
∗(s, ωu, 0) = G∗s,u, where G
∗
s,u is the p-adic family
of Eisenstein series a` la Serre.
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Remark 3.10. Our methods for extending an(s, u), n ≥ 0, are based on
Cohen’s [1, Chapter 11] and Tangedal-Young’s [9] constructions of p-adic
Hurwitz zeta functions. From Remark 1.1, we may call above extensions
of p-adic family of Eisenstein series G∗s,u (see Definitions 3.7 and 3.8) the
p-adic analogue of Weil’s elliptic functions (1.1).
4. Power series expansions
In this section, we show that the power series expansion of Weil’s elliptic
functions (1.5) also exists in the p-adic case.
First we recall a result on the expansion of p-adic Hurwitz zeta functions
by Tangedal and Young [9] which leads to an expansion of the constant
term a0(s, x) for x ∈ C∗p and |x|p > 1.
Theorem 4.1. Suppose x ∈ C∗p and |x|p > 1. Then there is an identity of
analytic functions:
(4.1) a0(s, x) =
1
2
ζp(1− s, x) = x〈x〉
s−1
∞∑
j=0
(
s
j
)(
−
Bj
2s
)
x−j
on the disc |s−1|p < p
−1/(p−1)|logp〈x〉|
−1
p . If in addition x is chosen to lie in a
finite extension K of Qp whose ramification index over Qp is less than p−1,
then this formula is valid for s ∈ Cp\{0} such that |s−1|p < |π|−1p p
−1/(p−1),
where (π) is the maximal ideal of the ring of integers OK of K.
Proof. By [9, Theorem 4.1], we have
(4.2) ζp(s, x) =
x〈x〉−s
s− 1
∞∑
j=0
(
1− s
j
)
Bjx
−j ,
combining with Eq. (2.5), we have
(4.3)
a0(s, x) =
1
2
ζp(1− s, x)
= x〈x〉s−1
∞∑
j=0
(
s
j
)(
−
Bj
2s
)
x−j.

Remark 4.2. The above expansion (4.2) is in fact the p-adic analogue of
the corresponding expansion for the classical Hurwitz zeta functions in [13,
p. 7].
Now we show that an(s, x), n ≥ 1, also have the similar expansions.
Theorem 4.3. Suppose x ∈ C∗p and |x|p > 1. Let σ
∗
j (n) =
∑
d|n
(p,d)=1
dj and
n ≥ 1. Then there is an identity of analytic functions:
(4.4) an(s, x) = x〈x〉
s−1
∞∑
j=0
(
s
j
)
σ∗j−1(n)x
−j ,
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on the disc |s − 1|p < p
−1/(p−1)|logp〈x〉|
−1
p . If in addition x is chosen to lie
in a finite extension K of Qp whose ramification index over Qp is less than
p−1, then this formula is valid for s ∈ Cp such that |s−1|p < |π|−1p p
−1/(p−1),
where (π) is the maximal ideal of the ring of integers OK of K.
Proof. Since for x ∈ C∗p and |x|p > 1, we have
(4.5)
〈x+ a〉s = 〈x〉s
(
1 +
a
x
)s
= 〈x〉s
∞∑
j=0
(
s
j
)
ajx−j .
From Proposition 3.3 and (4.5), we have
(4.6)
an(s, x) =
∑
d|n
(p,d)=1
d−1ωv(x+ d)〈x+ d〉
s
=
∑
d|n
(p,d)=1
d−1ωv(x)〈x〉
s
∞∑
j=0
(
s
j
)
djx−j
=
∑
d|n
(p,d)=1
x〈x〉s−1
∞∑
j=0
(
s
j
)
dj−1x−j
= x〈x〉s−1
∞∑
j=0
(
s
j
)
σ∗j−1(n)x
−j .

Combining Theorems 4.1 and 4.3, we obtain the following p-adic ana-
logue of Weil’s expansion (1.5).
Theorem 4.4. Suppose x ∈ C∗p and |x|p > 1. Let σ
∗
j (n) =
∑
d|n
(p,d)=1
dj and
n ≥ 1. Let
G∗(s, x) = a0(s, x) +
∞∑
n=1
an(s, x)q
n
be the p-adic Eisenstein family defined in Definition 3.7 and
ep,j(s) = −
Bj
2s
+
∞∑
n=1
σ∗j−1(n)q
n.
Then there is an identity of analytic functions:
(4.7) G∗(s, x) = x〈x〉s−1
∞∑
j=0
(
s
j
)
ep,j(s)x
−j,
on the disc |s−1|p < p
−1/(p−1)|logp〈x〉|
−1
p . If in addition x is chosen to lie in a
finite extension K of Qp whose ramification index over Qp is less than p−1,
then this formula is valid for s ∈ Cp \{0} such that |s−1|p < |π|−1p p
−1/(p−1),
where (π) is the maximal ideal of the ring of integers OK of K.
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Proof. Since
(4.8) G∗(s, x) = a0(s, x) +
∞∑
n=1
an(s, x)q
n,
substituting the equations (4.1) and (4.4) to (4.8), we have
(4.9)
G∗(s, x) = a0(s, x) +
∞∑
n=1
an(s, x)q
n
= x〈x〉s−1
∞∑
j=0
(
s
j
)(
−
Bj
2s
)
x−j +
∞∑
n=1
(
x〈x〉s−1
∞∑
j=0
(
s
j
)
σ∗j−1(n)x
−j
)
qn
= x〈x〉s−1
∞∑
j=0
(
s
j
)(
−
Bj
2s
)
x−j + x〈x〉s−1
∞∑
j=0
(
s
j
)( ∞∑
n=1
σ∗j−1(n)q
n
)
x−j
= x〈x〉s−1
∞∑
j=0
(
s
j
)(
−
Bj
2s
+
∞∑
n=1
σ∗j−1(n)q
n
)
x−j
= x〈x〉s−1
∞∑
j=0
(
s
j
)
ep,j(s)x
−j ,
where ep,j(s) = −
Bj
2s
+
∑∞
n=1 σ
∗
j−1(n)q
n. 
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